Minimizing the project cost is a task of project scheduling, and usually is a starting point in the optimization about cost, for example the time-cost tradeoff is to compress the project duration from the one with minimum cost. Project cost can be minimized by letting all activities choose their minimum cost durations only when strict precedence relations exist between activities. But if generalized precedence relations (GPRs) exist between activities, letting all activities choose their minimum cost durations may not satisfy the given precedence relationships and result in a unfeasible project. In minimizing the project cost with GPRs, we transformed the mathematical programming model into two equivalent special models: a minimum cost -maximum flow model and a transportation model with balanced supply and demand. The two special models can be solved by using any current efficient algorithms.
Introduction
Minimizing the project cost is regarded as a main objective in production planning, and furthermore an ideal optimization process of project scheduling often starts with the minimum project cost. The most representative problem is time-cost trade-off problem [1] , and a classic algorithm is to obtain the project duration at a minimum cost and shorten it with a minimum compressed cost [2] . Clearly, minimizing the project cost is directly related to the results of the optimization. If we cannot obtain the minimum total cost, the optimality and rationality of the solution will not be ensured and the minimum cost curve of the project duration will be distorted.
The difficulties of the project minimum cost problems with different precedence relations are different. For a classic one, the start-time of an activity j is no earlier than the finish-time of its immediate predecessor i, and we can minimize the project cost by letting all activities choose their minimum cost durations. But in practice, cases of generalized precedence relations (GPRs) [3] , [4] between activities are more common.
For minimizing the project cost with GPRs, if all activities are still allowed to choose their minimum cost durations, the rigid precedence relationships may be not met, and thus the project may be unfeasible. Furthermore, how to arrange an activity's duration depends on most other activities' durations and precedence relations. For example, there are three activities, i, j and k, in Fig. 1 , and their minimum cost durations are 10, 10 and 40, respectively. The precedence relations between them are such that: (1) the start-time of activity, i, is no later than 2 after the start-time of activity k; (2) the start-time of j, is no later than 3 after the finish-time of i; (3) the finish-time of k is no later than 5 after the finish-time of j. If letting the three activities choose their minimum cost durations, then the finish-time of activity k will have to be later than 5 after the finish-time of activity j. It offends against the precedence relations (3) and causes an unfeasible project (see Fig. 1 ). We can only adjust activity durations in order to satisfy these fixed relationships. In Fig. 1 , we show that the project can made feasible by shortening the duration of activity k, or prolonging the duration of i or j. But the more difficult task is to minimize the project cost under the precondition of guaranteeing that the project will be feasible. 1 only shows simple GPRs, and we may minimize the project cost by directly adjusting activity durations. But when activities and precedence relationships are numerous, it is very difficult to minimize the project cost by directly adjusting durations. The main reason is that the precedence relations between activities are intricate, and satisfying some relations may result in others that cannot be met. In this paper, we studied the representation of the GPRs, viz. the activity network under GPRs, and designed an algorithm to minimize the project cost with GPRs.
The activity network under GPRs is an effective model to represent all types of precedence relationships between activities. Roy [3] and Elmaghraby [4] introduced the concept of the GPRs and Kerbosch and Schellminimum flow -maximum cutset approach. Kaveh et al. [18] provided four solution procedures for a multi-mode time-cost-quality trade-off problem with GPRs, which include the classical epsilon-constraint, the efficient epsilon-constraint method, dynamic self-adaptive multi-objective particle swarm optimization (DSAMOPSO), and the multi-start partial bound enumeration algorithm. Others have proposed that the optimal time-cost curve and the minimal schedule cost for the time-cost tradeoff problem with GPRs can be obtained by using linear/integer programming [18] - [21] .
Minimizing the project cost with GPRs has close similarity to the time-cost tradeoff problem with GPRs, and the above -mentioned research could be used to solve the problem. For example, Elmaghraby and Kamburowski [7] found the minimum project duration (labeled as  ) and the cheapest project schedule for   , and then increased the project duration until there was no further decrease in the project cost.
Thus, the project duration was a minimum cost one. The procedure is effective in determining a project cost curve, but is long and wasteful in that it only computes the minimum project cost. Heuristic algorithms and linear/integer programming also might be used to compute the minimum project cost problem with GPRs [18] - [21] . But the former cannot guarantee an optimal solution, and the latter would be wasteful in terms of computing effort and time [2] , [22] . Therefore, the current approaches for the time-cost tradeoff problem with GPRs are not normally subjected to minimizing the project cost with GPRs.
In this paper, our target is to minimize the project cost with GPRs based on the linear programming and duality theory. Elmaghraby and Kamburowski [7] created a mathematical programming model of the time-cost tradeoff problem with GPRs. By removing the constraint of project duration, we transformed the model into a minimum project cost model with GPRs. And base on duality theory, we transformed the model into two equivalent special models, which were a minimum cost -maximum flow model, and a transportation model with balanced supply and demand. Thus, we could compute optimal solutions for the two models by using current efficient algorithms, and minimize the project cost with GPRs based on the primal-dual relation.
The Activity Network Under GPRs
GPRs contain minimum and maximum time lags, as shown in Table 1 . The activity network under GPRs [7] is a current representation of the GPRs, and its characteristics are as follows: The start-time of activity i is no earlier than d after the begin-time of project.
The start-time of activity i is no later than d after the begin-time of project. Begin-to-Finish (BF)
The finish-time of activity i is no earlier than d after the begin-time of project.
The finish-time of activity i is no later than d after the begin-time of project. Start-to-End (SE)
The end-time of project is no earlier than d after the start-time of activity i.
The end-time of project is no later than d after the start-time of activity i.
The end-time of project is no earlier than d after the finish-time of activity i.
The end-time of project is no later than d after the finish-time of activity i.
The start-time of activity j is no earlier than d after the start-time of activity i.
The start-time of activity j is no later than d after the start-time of activity i.
The finish-time of activity j is no earlier than d after the start-time of activity i.
The finish-time of activity j is no later than d after the start-time of activity i.
The start-time of activity j is no earlier than d after the finish-time of activity i.
The start-time of activity j is no later than d after the finish-time of activity i.
The finish-time of activity j is no earlier than d after the finish-time of activity i.
The finish-time of activity j is no later than d after the finish-time of activity i. 2) A minimum time lag is represented as a forward arc with length dr  , a maximum time lag is represented as a reverse arc with length dr  , and r indicates the value of the time lag.
3) If there are n activities, then the beginning node of the network is   0 and the end node is   21 n  ;
4) The duration of the activity k is
, and i t indicates the time of a node   i . Fig. 2 shows a simple activity network under GPRs example, and the precedence relations between the three activities are listed in Table 2 ( i s and i f respectively indicate the start and finish times of an activity i). 
The Minimum Project Cost Model with GPRs
Assume there are K activities in an activity network under GPRs G (represents a project). For an activity k, its duration k x is bound from above and below as follows:
, and its cost is a function
Let A indicates a set of arcs that represent the precedence relationships in the network G According to Section 2,
, the minimum cost model is:
For the activity k, its function cost may be arbitrary. For the sake of simplicity, we have assumed that its cost function   kk gx is a piecewise-linear function having Q linear segments and Q+1 breakpoints, marked (2)) to a maximize objective function min z (Equation (5)). 
Observe that any optimal solution of the above model satisfies the following conditions [7] :
yd  , and
There are two kinds of variables, q k y and k t , in the model (Equations (5)- (9) and this measure will help make the primal-dual transformation (see Section 5) . According to the model, and the conditions which the model satisfies, for the activity k, we introduce the variables (5)- (9) as:
Base on duality theory, we can transform the above model into two equivalent and special models, a minimum cost -maximum flow model, and a transportation model with balanced supply and demand.
Equivalent Model 1  A minimum Cost-maximum Flow Model
Steps of transforming the minimum project cost model with GPRs into a special minimum costmaximum flow model are as follows:
Step 1: Transform the network G into * G .
Step Step Step 2: Create the special minimum cost -maximum flow model of the network * G .
In the network * G , assume the node   s is the beginning node and the node   t is the end node, and 
This model is a minimum cost -maximum flow model, which is a dual model of the primal model (Equations (10)- (14)). The model is a special case in that, except for arcs connecting the nodes   s or   t , the capacities of the other arcs are unlimited. There are close relationships between the two models: 
Equivalent Model 2  A Transportation Model with Balanced Supply and Demand
Steps of transforming the minimum cost model of the activity network under GPRs into a transportation model with balanced supply and demand are as follows:
Step 1: Transform the network G into G .
Step 1-1: It is similar to Step 1-1 of the algorithm in Section 4.
Step 1-2: For an arc   , i j A  in the network G, let it have a weight ,,
Step 2: Create the transportation model with balanced supply and demand of the network G .
Step 2-1: In the network G , for 1, 2, , kK  , The transportation model with balanced supply and demand is a dual one of the primal model (Equations (10)- (14)). According to the optimal solution t of the primal model based on the primal-dual relationship. The optimal duration of each activity k is
, and the project duration with minimum cost is
The proof for the above dual model 1 is given in Appendix B. 
Illustration
For the project in Fig. 2 , assume the cost functions curves of the three activities are shown in Fig. 5 . How to set the optimal duration for each activity to minimize the project cost?
We apply the two approaches to solve the problem.
Approach 1
Step 1: Transform the network in Fig. 2 into the cost flow network G * . By using Step 1-1-Step 1-3 of the algorithm in Section 4, we obtain the cost flow network G * as in Fig. 6 .
Step 2: Compute the minimum cost -maximum flow from the beginning node   s to the end node   6 .75
Therefore there are feasible solutions for the primal minimum project cost problem. The optimal flows of all arcs are shown in Table 3 . Based on the optimal flow of each arc in G * and the primal-dual relationship, we obtain the optimal time of each node in the network in Fig. 2 , that 
x t t 
The minimum project cost is 3.5, and the corresponding project duration is * * * 70 17 T t t  .
Approach 2
Step 1: Transform the network in Fig. 2 into the network G'. By using Step 1-1-Step 1-2 of the algorithm in Section 5, the network G' as in Fig. 7 .
Step 2: Based on G', create the transportation model with balanced supply and demand. By using Step 2-1 of the algorithm in Section 5, we obtain the supply-side, demand-side, supply and demand as in Table 4 . Then apply Step 2-2 to set length , Table 5 . Step 3: Compute the optimal transport volume from a supply-side to a demand-side use the (use the table-manipulation method), as in Table 6 . And According to Equation (24), compute the optimal transport volume of each arc in G', as in Table 7 .
Based on the optimal transport volume of each arc in G' and the primal-dual relationship, we obtain the optimal time of each node in the activity network under GPRs in Fig. 2 
Conclusion
For minimizing the project cost with GPRs, empirical method of letting all activities choose their minimum cost durations may cause failure to satisfy given precedence relations between activities. Current algorithms also may not perfectly apply to the problem. In order to solve this problem, we apply the mathematical programming and duality theory. We transformed the mathematical model of the problem into two equivalent and special models by using the duality theory. These were a minimum cost -maximum flow model and a transportation model with balanced supply and demand. The two models can be efficiently solved using current algorithms. Based on the optimal solutions of the two models and the primal-dual relationship, we minimized the project cost with GPRs and obtained the corresponding project duration and activity durations. Minimizing the project cost with GPRs is a main objective of project management with GPRs, and moreover it may help to tackling project scheduling with GPRs, such as the time-cost tradeoff problem with GPRs.
Appendix A. Proof for Creating the Equivalent Model 1
For the primal model (Equations (10)- (14)), we set dual variables as follows: Therefore, although the network G corresponds to the primal model (Equations (10)- (14)), it does not correspond to the dual one of the model. We should transform the network G into G' by adding nodes   
